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Abstract. We establish global well-posedness and scattering for solutions to 
the defocusing mass-critical (pseudoconformal) nonlinear Schrodinger equa- 
tion iut + Au = \u\'^^"u for large spherically symmetric L^(R") initial data 
in dimensions n > 3. After using the reductions in 1321 to reduce to eliminat- 
ing blowup solutions which are almost periodic modulo scaling, we obtain a 
frequency-localized Morawetz estimate and exclude a mass evacuation scenario 
(somewhat analogously to 1231 . 1361 ) in order to conclude the argument. 



1. Introduction 

1.1. The mass-critical nonlinear Schrodinger equation. Fix a dimension 
n > 1. We shall consider strong L^(M") solutions to the mass-critical (or pseu- 
doconformal) defocusing non-linear Schrodinger (NLS) equation 

(1.1) iut + Au^ F{u) 

where F{u) := is the defocusing mass-critical nonlinearity. More precisely, 

we say that a function u : I x R" — > C on a time interval / C M (possibly half- 
infinite or infinite) is a strong L^(K") solution (or solution for short) to (|l.l|l if it 
lies in the class Cl^^cLlil x R") n 2,2('^'+2)/"i2("+2)/«^_^ ^ ^n-^^ ^^^^ Yia.ve the 
Duhamel formula 

u{ti) = e^(*i-*°)^u(to) - i / e'(*i-*)'^i^(M(t)) dt 

J to 

for all to,ti G /. Here, e**'^ is the propagator for the free Schrodinger equation 
defined via the Fourier transform 

fiO := e-"<f{x) dx 

by 

?*^(0 = e-^*l«lV"(0- 
The condition u G 2^2(Ti+2)/n^2(n+2)/n ^ natural one arising from the Strichartz 
perturbation theory; for instance, it is currently necessary in order to ensure unique- 
ness of solutions. Solutions to (|l.l|l in this class have been intensively studied, see 

e.g. isa, 0, 13, El, m, 1201, 0, na, n, m, ina 

It is known (see e.g. 0) that solutions to Hl.l() have a conserved mass 



M(u) = M{u{t)) := / \u{t,x)\'^ dx 
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In particular, since our solutions lie in by definition, we have 

(1-2) ||w||l-L2(/xK-) < oo, 

whenever u : I x M" ^ C is a solution to 

There is a natural scaling associated to the initial value problem (|1.1() . More 
precisely, the map 

(1.3) u{t,x)^u^{t,x) ■.= X-'iu(^^,j^ 

maps a solution to Hl.l|l to another solution to with initial data u^(0) = uo(j). 
The reason why Hl.l|l is called L^-critical (or mass-critical) is because the scaling 
()1.3|) leaves the mass invariant. 

It is known (see e.g. [7j) that if the initial data uq G iy^(M") has sufhciently small 
mass, then there exists a unique global solution to Hl.l|) . which furthermore has 
finite Lj^"^^''^"'(KxM") norm. This in turn implies (for either choice of sign ±) that 
the solution scatters to a free solution e**^M± a.s t ^ ±oo for some u± G L^(R"), 
in the sense that 

(1.4) hm ||u(t)-e'*^u±|U2(M.) -0. 

Conversely, given any u± of sufficiently small mass there exists a solution u which 
scatters to it in the sense above, thus giving rise to well-defined wave and scattering 
operators. See for details. 

The above results were obtained by a perturbative argument and also hold in 
the focusing case when the -I- sign on the right-hand side of Hl.l|l is replaced by 
a — sign. However, in the focusing case it has long been known that large mass 
solutions can blow up in finite time. Nevertheless, in the defocusing case no blowup 
solutions arc known. Indeed, one has the following conjecture: 

Conjecture 1.1 (Global existence and scattering). Given any finite mass initial 
data Uf) G L^(M"), there exists a unique global solution u G Cj'L^(R x R") n 
it,^"+^^/"(M X R") to (inil with u(0) = lio- Furthermore, there exist u± G Ll{W) 
such that (|1.4|) holds and the maps uq u± are homeomorphisms on L^(R"). 

1.2. Main result. The main result of this paper is to verify a special case of the 
above conjecture. 

Theorem 1.2. Coniecture \l.l\ is true when n > 3 and uq (and u±) are restricted 
to be spherically symmetric. 

The proof of this mass-critical theorem follows a broadly similar strategy used 
to settle the energy-critical problem (see 0) 0, [37]). First, one reduces to a 
minimal-mass blowup solution which has good localization properties in space and 
frequency, establishes an initial Morawetz inequality on a frequency component, 
and then uses a non-critical conservation law to prevent the solution escaping to 
high or low frequencies. However, our arguments are "upside-down" in the sense 
that the roles of high and low frequencies are reversed from those in the energy- 
critical theory. This is because the Morawetz inequality is now subcritical instead 
of supercritical, and to prevent evacuation of mass to low frequencies we use the 
conservation of the subcritical energy (in contrast to [23) 127] > where the con- 
servation of the supercritical mass is used to prevent evacuation of energy to high 
frequencies) . 
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The arguments in [H], [HIj l^-^j ■ [.^Tj were quite quantitative, avoiding use of qual- 
itative tools such as concentration-compactness theorems. In this paper, we shall 
adopt some qualitative technology to simplify somewhat^ the computations. One 
consequence of this simplification is that the "mass evacuation step" becomes easier 
to prove, as one can gain enough regularity to use the classical energy conservation 
law rather than a frequency- localized variant. The same trick can retrospectively 
be applied to simplify the energy-critical theory in [HI , [S] , ■ 

Our arguments rely heavily both on the high dimension n > 3 and on the spher- 
ical symmetry. The high dimension is needed in order to enable the Morawetz 
inequality to have a consistent sign, and also to make the Strichartz numerology 
work correctly. The spherical symmetry is required to localize the solution to the 
spatial origin (in order to be able to exploit one-particle Morawetz inequalities), 
but is also needed in order to use several powerful strengthenings of the classical 
Strichartz and Sobolev inequalities, most notably the weighted Strichartz estimate 
of Vilela, |35|. It is a challenging problem to either lower the dimension or remove 
the spherical symmetry; another problem of interest would be to attack the focus- 
ing case, under the natural additional assumption that the mass of the solution is 
strictly less than that of the ground state (see 17, for some recent progress on this 
focusing problem in the energy-critical setting). 

Acknowledgements: This research was partially conducted during the period 
Monica Visan was employed by the Clay Mathematics Institute as a Liftoff Fellow. 
This material is based upon work supported by the National Science Foundation 
under agreement No. DMS-0111298. Any opinions, findings and conclusions or 
recommendations expressed in this material are those of the authors and do not 
reflect the views of the National Science Foundation. The third author was sup- 
ported by the NSF grant No. 10601060 (China). The authors thank Frank Merle 
for helpful comments. 

2. Notation and basic estimates 

Throughout this paper we fix the dimension n > 3. We also fix a small exponent 
e > depending only on n; for sake of concreteness, let us conservatively take 
£ ;jTiT- We allow all implied constants to depend on n and e. For instance, when 
we require some quantity to be sufficiently large or small, it is understood that the 
implied threshold can depend on n and e. 

We use the notation X < Y, Y > X, or X = 0{Y) to denote the estimate 
|A| < CY for some constant < C < oo (which, as mentioned earlier, can depend 
on n and e). In some cases we shall allow the implied constant C to depend on 
other parameters and shall denote this by subscripts; thus, for instance, X <k Y 
or A = Ok{Y) denotes the estimate |A| < CkY for some Ck depending on k,n,e. 

We use the Fourier transform to define the fractional differentiation operators 
|V|^ by the formula 

iv?/(o 

We shall need the following Littlewood-Paley projection operators. Let ip{^) be 
a bump function adapted to the ball G M" : |^| < 2} which equals 1 on the ball 

^Roughly speaking, whereas the quantitative approach requires managing numerous small pa- 
rameters r/o , rji, . . ., the qualitative approach only requires managing at most two such parameters 
at a time. Furthermore, by applying limiting arguments one can often send one of the two pa- 
rameters to zero or infinity. 
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£ R" : 1^1 < 1}. Define a dyadic number to be any number iV S 2^ of tlie form 
N — 2^ where £ Z is an integer. For each dyadic number N, we define the Fourier 
multipliers 

iw(o := (1 - ^immio 

We similarly define P<Ar and P>n- We also define 

Pm< <n P<N — P<M = ^ Pn' 

M<N'<N 

whenever M < N are dyadic numbers. 

The symbol u shall always refer to a solution to the nonlinear Schrodinger equa- 
tion We shall use un to denote the frequency piece un '■— Pnu of u, and 
similarly define u>n — P>nu, etc. 

We use the "Japanese bracket" convention (x) := (1 + 

We use L^L"^ to denote the spacetime norm 



q/r \ 1/r 



L?LJ(RxE") — ( / ( / \u{t,x)\'' dx'^ dtj 



with the usual modifications when q or r are equal to infinity, or when the domain 
R X R" is replaced by a smaller region of spacetime such as / x R". When q = r 
we abbreviate L'^L'^ as Lf^. 

As we shall be frequency manipulating various Fourier multipliers it will be 
convenient to introduce the following definition. 

Definition 2.1 (Hormander-Mikhlin multiplier). A Hdrmander-Mikhlin multiplier 
T is any operator of the form 

defined for any tempered distribution f on R", where the symbol m obeys the point- 
wise bounds 

for all fc > 0. 

Examples. The Littlewood-Paley multipliers Ppf^ P<Ny P> n sue Hormander-Mikhlin 
multipliers uniformly in N, as are the multipliers A^~*| V|''P<Ar and iV'*|V|~''P>Ar 
for any s > 0. 

The classical Hormander-Mikhlin Theorem asserts that Hormander-Mikhlin mul- 
tipliers are bounded on L?'(R") for any 1 < p < oo. We shall need an extension of 
this to power weights: 

Lemma 2.2. Let T be a Hdrmander-Mikhlin multiplier, 1 < p < oo, and let 

— —< a < n ~- — . Then we have 
p p 

iikrr/iii.(K„) <p^„ iikr/iiL£(R") 

for all f for which the right-hand side is finite. 
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This estimate follows from^ the general Calderon-Zygmund theory of Ap weights; 
see EH. 

The need to deal with power weights arises primarily from our use of the following 
weighted Strichartz spaces. 

Definition 2.3 (Weighted Strichartz norms). Let I be an interval and let u : 
I xW ^ C and G : I xW ^ C be functions. We define 

and 

Wtien the domain I x R" is clear from context we shall abbreviate these norms as 
S and J\f , respectively. 

From Lemma we see that Hormander-Mikhlin multipliers preserve the spaces 
S and A/". Thus, for instance, the Littlewood-Paley multipliers are all bounded on 
these spaces, and one has estimates such as 

ll|V|^P<jv^i||5S N'Ms 

for s > 0. Also, since the fractional integral operator | Vl^*^^^^-*/^ has positive 
kernel, we have the comparison principle 

(2.1) If G = 0{H), then ||G||^(,xE") = 0(||i/ |U(/xR")). 

We shall use the above observations in the sequel without further comment. 

The relevance of these spaces to the Schrodinger equation arises from the follow- 
ing weighted Strichartz estimate of Vilela, j35| : 

Proposition 2.4 (Weighted Strichartz estimates, [33]). Suppose that u : I x R" 
C and G : I X M" — > C solve the inhomogeneous Schrodinger equation iut + Au = G 
in the sense of distributions. Then 

IklUc/xR") ^ I|w(^o)||l2(M") + ||G||aA(/xR") 

for all to E I . 

In the spherically symmetric case the S and A/" norms are also related to the 
more traditional unweighted counterparts: 

Proposition 2.5 (Radial Sobolev embeddings, gS], EU). //u : / x R" ^ C and 

G : I X R" — > C are spherically symmetric, then 

ll"llL?Lr^<""'>(/xK") - II^IUaxR") 

and 

I|G'|U(/XR'.) < |!G||^2i2„/(„ + 2)^^^jj„j. 

Proof. This follows immediately from Corollarv lA.3l □ 

Interpolating between L^L^"^^" and L^^'L^ we also conclude that 
(2-2) ||u||^2(„+2)/„(j^jj„j < ||m||5(/xR")- 

As a consequence of Proposition 12.51 and Holder's inequality we immediately 
establish 

^One can also essentially derive this estimate from the unweighted one using Lemma lA.ll to 
control the non-local interactions when \x\ ^ \y\ or \y\ ^ we omit the details. 
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Corollary 2.6 (Basic nonlinear estimate). If u,v : I x M" — > C are spherically 
symmetric, then 

- (/xR") lkllL?L2'./("-2)(/xB") 

^ ll"lli~L2(jxR„)||f||5(/xR'.)- 

Standard Strichartz theory tells us that if u is a solution to , then u lies in 

ijl/x"^*'" ^"^ locally in time. Applying Corollarv l2.6l we see that F{u) = lies 
in J\f{I X M") locally in time. Applying Proposition 12 .41 we thus conclude 

Corollary 2.7 (Local finiteness of norms). Let u : I x R" ^ C fee a solution to 
T/icTT. ||u||5(jxR") < oo /or a/Z compact J C /. 

This corollary will allow us to rigorously set up some continuity arguments in 
the sequel. 

It will be important to improve upon Corollary 12 . 61 when u and v are separated 
in frequency. This will be accomplished by the following variant of Corollarv l2.6l 

Proposition 2.8 (Refined nonlinear estimates). Ifu, v : /xK" C are spherically 
symmetric, then we have 

|||v|^o(H4/"|«|)lk(,xr) < ll|vit(i-)z.|li/r^,(,,R„)|||^ 

and 

Proof. For the rest of the proof, all spacetime norms will be taken on / x M". 
Applying Definition 12. HI the left-hand side in both inequalities can be estimated by 

(2.3) \\\4'^'^^'H'/lv\h.^. 

To prove the first estimate, we apply Holder to bound this by 

and the claim then follows from Definition 12.31 and Corollary IA.3I To prove the 
second estimate, we apply Holder slightly differently to bound H2.3|l by 

where p, q, a, [3 are obtained by solving the equations 

2 q n n 
4 1 _ 1 
np q 2 

One can verify that 2 < p,q < oo. From CoroUarv I A . 31 we have 
and 

The claim follows from Definition 12.31 □ 
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Remark. Clearly, there are several more inequalities of this type; however, the above 
estimates are the only ones we shall record explicitly here. 

3. Overview of proof 

Let us now give an overview of the proof of Theorem 11.21 By standard local 
well-posedness theory (see e.g. [2]), it will suffice to prove the following quantitative 
estimate: 

Theorem 3.1. Let n > 3 and let u : I x ^ C be a spherically symmetric 
solution to Hl.l(l on some time interval I with the mass bound M(u) < m for some 
m < oo. Then we have the spacetime bound 

\u{t,x0"+^^/" dxdt < A{m) 

for some finite quantity A{m) depending only on m (and on the dimension n). 

Remark. In fact, Theorem 11.21 and Theorem 13. II are equivalent; see [201 • We 
will however not need this equivalence here. 

We shall prove Theorem l3.1l bv contradiction. First we show that if Theorem l3.1l 

failed, then a special type of blowup solution must exist. 

Definition 3.2 (Almost periodic modulo scaling). A solution u : I x R" C is 
said to be almost periodic modulo scaling if there exists a function N : I and 
a function C : —^ such that 

\u{t, a;)p dx < T] 

\x\>C{v)/Nit) 

and 

|2 



\£.\>C(ri)N(t) 



for all t ^ I and rj > 0. 



Remark. The quantity N{t) measures the frequency scale of the solution at time 
t. If u is not identically zero, then N(t) is uniquely defined up to a bounded mul- 
tiplicative (time-dependent) factor. One can equivalently define u to be almost 
periodic modulo scaling if the orbit {u{t) : t <E 1} becomes precompact in L^(M") 
after quotienting out the action of the scaling group f{x) ^ j^fij)', see |25] 
for further discussion. This concept is adapted to the spherically symmetric case. 
Without spherical symmetry one also needs to take into account the translation 
and Galilean invariances of 1)1. l|l . which introduce two additional modulation pa- 
rameters x{t) and £,{t); see jHl] for further discussion. 

Theorem 3.3. Suppose that n > 1 is such that Theorem \S.l\ failed,. Then there 
exists a spherically symmetric solution u : I x R" — > C, which is almost periodic 
modulo scaling and is such that ||w|| ,2(n+2)/7i,, „„s = +oo. Furthermore, we have 
the frequency bound 

(3.1) supN{t)<+oo 

tei 

(thus the solution does not escape to arbitrarily high frequencies). 
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Remark. This result will be proven in Sectional The result follows almost immedi- 
ately from 32, Theorem 7.2], but we will need an additional limiting argument in 
order to extract the frequency bound H3.1|) . which we need for our argument. This 
particular component of the argument works even in low dimensions n = 1,2, but 
unfortunately the remainder of the argument relies heavily on the dimension being 
at least three. Results similar to Theorem 13 . 31 were obtained for the energy-critical 
NLS in 53 s-nd for tti6 mass-critical gKdV in 21 . 

In view of Theorem 13.31 we see that in order to prove Theorem 13.11 it suffices 
to show that every solution to (|l.l(l which is almost periodic modulo scaling and 
obeys H3.1|l necessarily has finite L^^""'"^''^" norm. We shall achieve this via two 
key propositions in the spirit of (23], [23 ■ The first proposition establishes a 
frequency- localized Morawetz estimate for almost periodic solutions: 

Proposition 3.4 (Frequency-localized Morawetz estimate). Let n > 3 and let 

u : I X R" C be a spherically symmetric solution to (|l.l|l which is almost periodic 
modulo scaling and obeys (|3.1|l . Then we have 



Remark. In contrast to the frequency-localized Morawetz estimates in [23], |37j . 
the Morawetz inequality here is of classical or "one-particle" type rather than an 
interaction or "two-particle" type. We are able to rely on one-particle inequali- 
ties due to our assumption of spherical symmetry (cf. [3|). Also, observe that the 
Morawetz estimate here establishes spacetime control only on low-frequency com- 
ponents of u (for any fixed N), in contrast to the situation in [^, [23, [37j in which 
high-frequency components are controlled. This is ultimately because Morawetz 
inequalities are derived from variants of the momentum, which is supercritical for 
the energy-critical NLS, but subcritical for the mass-critical NLS. 

Remark. The Morawetz inequality we use relies ultimately on the fact that AA(x) 
is non-positive, and so the argument breaks down in one and two dimensions; more- 
over, several other key tools, such as the harmonic analysis estimates in Appendix 
IXI also break down in these dimensions. On the other hand, virial identities are 
equally valid in all dimensions, so it may be that one can extend the arguments 
here to lower dimensions by replacing the Morawetz argument with a virial one. 

Remark. With respect to the scaling H1.3|l . the left-hand side of H3.2|) is dimension- 
less. Thus, one can view this proposition as a decay estimate on the high frequencies 
of u; this is of course consistent with the hypothesis (|3.1() . 

The proof of Proposition 13 .41 is somewhat involved and will occupy Sections I5I7I 
The arguments used to prove Proposition l3.4l automaticallv imply some estimates 
on components of u in the natural solution norm S{I x M") (see subsection 17. Ill : 

Proposition 3.5 (High-frequency decay of S). Let n > 3 and let u : L x M" C 
be a spherically symmetric solution to (|l.l|l which is almost periodic modulo scaling 
and obeys (I3.1|l . Then 



(3.3) |k>Ar|U(/x«^)+ n+,wJ ||V|-t^-^)/^Vu<jv||5(7xR.^) < oo, ViV > 



(3.2) 
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and 

(3.4) ^lim^[||u>jv||5(/xR") + ^^(T^II|Vr(^-^)/'V7.<Ar||5(,,R„)] = 0. 

Remark. Note that H3.3(l follows from H3.4|l . Indeed, by H3.4|l there exists a dyadic 
number A^'o such that for N > Nq we have 

lk>iv|U(7xR") + ^^^(T^II|Vr(^-")/'Vu<jv||5(/xE") < 1- 

In particular, this implies that for N < Nq 

-{IT J 

which in turn implies that for N < Nq we have 

l|ww||5(/xR") 77TTrlll^r'^"''''"^"^'ll5(/xR") 
< 



< 

Thus, for N <No 



1 


lliv 




1 


lliv 




(^) 


1 + e 
2 







ll">iv||5(/xR") ^ ll">iVo||5(/xR") + X] II^A^IIsC/xR") 

Ar<M<Aro 

Ar<Af<iVo 

'No 



m) 



< <oo. 



Remark. In view of H2.2|l . we have now established the desired 2^2(ri+2)/n ^^Qj^-j-j.^]^ 
on the high frequencies. However, the low frequencies will still require a non-trivial 
amount of effort to control in this norm, even with Proposition 13.41 in hand. 

By combining Proposition l3.5l with a regularity argument and an energy conser- 
vation argument (which can be viewed as a mirror image of the mass conservation 
argument used in [0], [23 j EZ|)j we shall obtain: 

Proposition 3.6 (Non-evacuation of mass). Let n > 3 and let u : I x M" ^ C 6e 

a spherically symmetric solution to which is almost periodic modulo scaling, 

is not identically zero, and obeys l|3.1|l . Then 

iuiNU) > 0. 
te/ 

We prove this proposition in Section |H1 Combining Proposition 13 .61 with Propo- 
sition we now obtain 

Corollary 3.7 (Frequency localization implies finite lifespan). Let n > 3 and let 

u : L X M" ^ C fee a spherically symmetric solution to which is almost periodic 

modulo scaling and obeys (|3.1() . Suppose also that u is not identically zero. Then L 
is bounded. 
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Proof. From Proposition 13 . 61 we see that N{t) is bounded both above and below. 
From Definition 13 . 21 we conclude that for any 77 > there exists C > such that 

/ dx <r] for all tel. 

J\x\>C 

Since u is non-zero, we thus see (by choosing r] small enough) that there exists 
C,T] > such that 



Ilx 



^ 71 — 2 

\u{t,x)\ dx > ri~^ for all t G /. 

'|3:|<C 

Thus, by Holder, 



/ \u{t, x) \ "-2 dx > cq for all t G I, 



for some c > 0. On the other hand, by Bernstein's inequality, for sufficiently small 
N we get 

/ \u<Nit,x)\'^ dx < C7//10 for aU tel. 
By the triangle inequality we conclude that 

\u>N{t,x)\'^ dx > C77/IO for alH G / 



and hence, by Holder, 

But from Proposition 13.51 and Proposition 12.51 we know that the left-hand side is 
finite, and so / is bounded, as claimed. □ 

If I is bounded and Jj /jj„ \u{t, dxdt is infinite, then N{t) must go to 

infinity in finite time (see the proof of |32[ Proposition 6.1]). But this contradicts 
(13.11) . Combining this observation with Corollary 13.71 we see that any spherically 
symmetric solution to (|1.1|) which is almost periodic modulo scaling and obeys (|3.1|) 
must have finite norm. Combining this with Theorem 13.31 we obtain 

Theorem 13. II and hence Theorem ll.2l 

It remains to verify Theorem 13.31 Proposition l3.4l and Proposition 13.61 This is 
the purpose of the remaining sections of the paper. 

4. Proof of Theorem 13.31 

We now prove Theorem l3.3l Suppose that n > 1 is such that Theorem l3.1l failed. 
In the notation of |32], this is precisely the assertion that the spherically symmetric 
critical mass mo^rad is finite. Thus, by |32[ Theorem 7.2] there exists a solution 
V : J X M" ^ C to (|l.l|l which is almost periodic modulo scaling, and which blows 
up in the sense that the Lj^"~''^''^"( J x M") norm of v is infinite. Let Nv{t) be the 
frequency scale function associated to v as in Definition 13.21 

We are not done yet, as v does not necessarily obey the frequency bound H3.1|l . 
However, we can extract a solution with this property from w by a rescaling and 
limiting argument'^, as follows: 



■^These arguments are quite standard in the literature; see e.g. 1171 or 1211 for some other recent 
examples. Our argument here is particularly close to that in |17|. 
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Write J as a nested union of compact intervals Ji C J2 C . . . C J. On each 
compact interval Ji, we have v G CfL^{Ji x R"), which easily implies (from Defini- 
tion!^^ that Ny{t) is bounded above and below on Ji. Thus, we may find e Ji 
with the property that 

(4.1) Ny{t) < Ny{ti) for aU t e J,. 

We choose such a time ti and then define the rescaled function Ui : li x R" ^ C as 

u,{t, x) Ny{U)''/^v{Ny{U)h + U,Ny{U)x) 

where h := {t <E M. : Ny{tiYt + £ Ji}; thus, U is a compact interval containing 
0. From the scale-invariance and the time translation invariance, we see that 
each Ui is a solution to furthermore, from Definition l3 . 21 we see that the initial 

data {ui(0) : i = 1, 2, . . .} are a precompact subset of L^(R"). Thus, by passing to 
a subsequence if necessary, we may assume that Ui(0) converges strongly in _L^(R") 
to another initial datum uq G L^(R"). Also, from the conservation of mass we know 
that Mi(0) all have the same L^(R") norm, which is non-zero as v is not identically 
zero. Thus uq is also not identically zero. 

Let iti : li X R" — > C be the maximal Cauchy extension of Ui; thus, Ui is the 
maximal- lifespan solution to Hl.l|l which agrees with Ui on li. Let u : (— T_, r+) x 
R" — > C be the maximal Cauchy development to with initial data uq for some 
-00 < -r_ < < T+ < -1-00. If /' is any compact subinterval of {-T-,T+) 
containing 0, then u has finite norm on /' x R". Since Ui{0) converges to 

u{0) strongly in L^(R"), we thus see from the standard well-posedness theory (see 
e.g. 1221) tl^^t fo'" sufficiently large i, li contains /', and Ui converges in CfL^I' x 
R") n L(^"+^^/"(/' x R") to u. In particular, u, has bounded Lj_^"+^^/"(/' x R") 
norm as i — > 00. On the other hand, from the monotone convergence theorem we 
have 

||?;||^2(„+2)/„^^^^^^„^ ^ 00 as z ^ 00, 
which after rescaling becomes 

||mj||^2(„+2)/„^^^^jj„-i 00 as i ^ 00. 

The only way these facts can be consistent is if li ^ /' for all sufficiently large i. 
But /' was an arbitrary subinterval of (— T_,T+) containing 0. After passing to 
a subsequence if necessary (and using the usual diagonalization trick), this leaves 
only two possibilities: 

• For every < t < T+, li contains [0, t] for all sufficiently large i. 

• For every — r_ < t < 0, li contains [— ^,0] for all sufficiently large i. 

By time reversal symmetry, it suffices to consider the former possibility. Then, for 
any < t < r_|_ we see that u{t) can be approximated to arbitrary accuracy in 
the L^(R") norm by Ui{t), which is a rescaled version of a function in the orbit 
{v{t) : t € J}. But the latter set is precompact in L^(R") after quotienting out by 
scaling. Thus, the orbit {u{t) : < t < T+j is also precompact in L^(R") after 
quotienting out by scaling. In other words, if we set / :— [0, T+) then u : /xR" C 
is almost periodic modulo scaling. 

We now claim that u blows up. For if u had finite L(''"^^-'^"(/ x R") norm, then 
(since (— r_,T+) was the maximal Cauchy development) the standard local well- 
posedness theory (see e.g. F^) would imply that r_(. = -l-oo and that u scattered to 
a free solution 6'*"^?/+ as t ^ -f 00, that is, limt^+oo ||u(t) — e'*'^u+||L2(j{r,) =0. But 
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a stationary phase (or fundamental solution) analysis of this free solution reveals 
that this scattering is only compatible with the almost periodicity of u modulo 
scaling if = (cf. |S21)- Conservation of mass then forces u to be identically 
zero, a contradiction. Hence, u blows up. 

Finally, we need to show H3.1|l . Let > be arbitrary. From 14.1|l and Defini- 
tion |^1 there exists C{ri) > such that 

\\P>CMN.(t.)v{t)\\LHR") < V 

for all i and all t E Ji. Rescaling this, we obtain 

\\P>C(ri)Utit)\\Ll{R'-) < V 

for all i and all t € li. Since Ui converges strongly in C°L^ to u on [0,t] for any 
< t < T+, we conclude that 

\\P>C(rj)u{t)\\Ll(R^) < V 

for all < t < T-f . Comparing this to Definition 13.21 (and the fact that u has 
non-zero mass), we conclude H3.1(l as desired. This proves Theorem 13.31 

5. Proof of the Morawetz inequality I. Scaling 

We now turn to the proof of Proposition 13.41 We begin by using a scaling 
argument to eliminate the role of the frequency parameter N. We first give a 
simple high-frequency mass decay estimate that follows from ()3.1|l (compare with 
Proposition I3.5|l . 

Lemma 5.1 (Mass decay at high frequencies). Let u : I x R" C be a solution 
to Hl.l|l which is almost periodic modulo scaling and obeys (|3.1|l . Then, 

and 

Proof. The first bound is just H1.2|) . so we turn to the second bound. Let 77 > be 
arbitrary. Then, from H3.1|) and Definition 13.21 we see that there exists C{r]) > 
such that 

\\P>C(r,)u{t)\\Ll{R") < V 

for alH S /. This already gives 

(5.1) lim \\u>n\\l^lI(IxR") = 0. 

N^oc t x^ 

For the second term, we split u^n — + u y]v< <7V ^^'^ compute 

— T+rll|V| ^Vu<7v||l~L2(jxE-) < -—T+r\\u\\L^Ll(IxR") + ll">vlvlUr-f^x(^xR")- 

iV 2 iV 4 

Using H5.1|l , we see that the right-hand side of the above inequality goes to zero as 
iV — > 00, as claimed. □ 

In view of this lemma, we see that Proposition 13 .41 will follow from the following 
variant, which does not explicitly assume almost periodicity modulo scaling. 
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Proposition 5.2 (Frequency-localized Morawetz estimate, reformulated). 

Let n > 3, TO > 0, and < rj < 1. Then, there exists S > with the following 
property: given any N > and any spherically symmetric solution u : I x M" C 
to Hl.l|l which obeys the bounds 

\\u\\l^lI(IxR") < m 

and 

we have 



|VM<Ar(t, x) 



2 



The point of reformulating Proposition l3.4l in this way is that the scale invariance 
(|1.3() does not affect any component of the hypothesis or conclusion, other than by 
changing / and N . Thus we may normalize N = 1. By a limiting argument, we may 
then take / to be compact. Now we observe that by Corollary 12.71 the left-hand 
side of H5.2|l varies continuously in / and goes to zero when / shrinks to a point. 
Thus, by standard continuity arguments, it suffices to show the following bootstrap 
version of the proposition: 

Proposition 5.3 (Frequency-localized Morawetz estimate, normalized bootstrap 
version) . 

Let n > 3, TO > 0, and < rj < 1. Then, there exists S > with the following 
property: given any spherically symmetric solution u : I x M" C to Hl.l|) with I 
compact, which obeys the mass bound 

(5.3) ||'"||lj-l2(/xR") < m 
and the high-frequency decay bound 

(5.4) ||uhi|U-L2(/xR") + |||Vr(l-^'/2Vuio||L~L2(/xR") < S, 

where Uhi := u>i and uio u<i, such that we also have the bootstrap hypothesis 

(5.5) Qi < 277, 
where Qi is the quantity 



then we have 



}i < V- 



It remains to prove Proposition 15.31 This will occupy the next two sections of 
this paper. 



6. Proof of the Morawetz inequality II. High and low frequency 

ESTIMATES 

In this section we exploit the hypotheses H5.3II . (|5.4|l . (|5.5|l to establish some 
estimates on uio and um- We begin with the low-frequency estimates. Throughout 
this section we omit the domain / x for brevity. 
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Proposition 6.1 (Low-frequency estimates). Let the hypotheses he as in Proposi- 
tion \5.'A Then, 

(6.1) ll|Vr(i-^)/2V^.io|l5 <r?i/2 

(6.2) \\yuio\\s<v'^^ 

(6.3) ||Vuio||^.^2./(„-2) <r;i/2. 

Proof. We begin witli (|6.1(l . From Definition 12.31 we need to establish 
and 

The first claim follows from H5.4|l . taking S — d{ri) sufficiently small. The second 
claim follows from H5.5|l and (|5.6|l . 

The claim (|6.2ll follows from by writing Vuio = |V|^P<ioo|V| s^Vuio 
and recalling that the Hormander-Mikhlin multiplier |V|~2-P^j^qq is bounded on 
S. 

The claim H6.3(l follows from H6.2|l and Proposition 12. 51 □ 

Remark. Note that H6.3|l and Corollarv lA.31 (or Hardy's inequality) implies that in 
dimensions n > 4 we have 

(6.4) |||xriuio||^,^2„/(„-2, < 7,1/2. 

In lower dimensions, that is rt = 3,4, we cannot expect such a strong decay for 
the low frequencies. However, by Corollary IA.3I for Hardy's inequality), Sobolev 
embedding, interpolation, Bernstein, H5.4(l . and (|6.1|l . we get the following decay 
estimate which is valid in all dimensions n > 3 and sufficient for our purposes: 

\\\x\^WrT^Ulo\\ 2(„+4) < IllVl^fe^mnll 2(.+4) 

< |||V|5&^Mlo|| 2Jr^ 2(„ + 4) 

r I. r " + 2 

< l||V|5^«io||£t^.|||V|5^^io||^^ 

< |||V|-^V..,o||£^^2|||vr^Vuio||^^ 

<<5^li|Vr^Vuio|||^ 

(6.5) <(5^. 

Now we establish high-frequency estimates. 

Proposition 6.2 (High-frequency estimates). Let the hypotheses be as in Proposi- 
tion \5.!A If 5 is sufficiently small, then 

\\um\\s<S + 6^/^. 

Proof. Applying Phi ■— P>i to we see that 

{idt + A)«hi = PhiF{u). 
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From Proposition 12 . 41 and (|5.3(l . we conclude 

\\uM\\s<S+muF{u)y. 

We then split 

PhiF{u) = PhiF{uio) + Phi{F{u) - F(uio)) 

= A-iy • Phi(VF(uio)) + PhiO(|«io|^/'>hi| + |^^hir+"/") 
= A-V • P>i/ioo^hiO(|«io|'/"|Vuio|) + PhiO(|?/io|^/'>hi|) 
+ PhiO(|^.hir+"/"). 

Discarding the Hormander-Mikhlin multipliers A"^V • P>i/ioo and Phi, we thus 
conclude from this and (|2.1|l that 

ll"hi||5 < S + ||Phi(|wio|"/"|VliIo|)|k + ll^hi(|^^lo|'/"|«hi|)|k + ll|whi|"/"|uhi||k. 

From Corollary 12 . 61 and (|5.4(l . we have 

|||«hi|"/"|uhi||k<<5'/"||"hi||5. 

Meanwhile, if we discard the Hormander-Mikhlin multiplier Phil Vj^'^^^-'/^ and ap- 
ply the first estimate in Proposition 12. 81 we get 

||Phi(|?^lo|'/'>hi|)|k < ll|Vp-^)/2(|lilo|^/">hi|)|k 
< ll|V|^(l-^)^lo|ll/r^.|khi||5. 

A similar argument using gives 

||Phi(kio|'/"|Vuio|)|k < r?^/'|||V|t(i-)«,„|l^/;^,. 
Putting all these together, we obtain 

IkhilU < (s + s^/- + |||v|t(i-)^jo|li(^^.)(i + ll^^hill^). 

As from H5.4|l and Bernstein we have 

ll|V|t(i-)u,o||iC\. <<54/", 

we obtain 

From CoroUar V 12 . 71 and the compactness of /, the norm appearing on both sides of 
this estimate is finite, so for S small enough we obtain the claim. □ 

7. Proof of the Morawetz inequality III. Monotonicity formula 

To conclude the proof of Proposition 15.31 wc shall need a monotonicity formula 
that gives a nontrivial estimate on the spacetime integral Qj. We shall phrase this 
monotonicity formula in the context of a general forced NLS, as follows. 

Proposition 7.1 (General Morawetz inequality). Let I be an interval, let n > 3, 
and let (jj^G ^ C^Hl^I x R") solve the equation 



(7.1) 



i(t)t + A,/) = F{<P) + G 
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on I X M". Let £ > 0. If e is sufficiently small depending on n, then we have 



Remark. This is not the sharpest Morawetz inequahty we can establish; for instance, 
one can replace ||(/)(t)||L2(R„)||V^!>(t)||i2(R„) on the right-hand side by ll<*(*)ll^i/2(jj„)> 

and in dimensions n > 4 one can remove the e in the first denominator on the left- 
hand side. One can also lower the regularity required on (f) and G. However, the 
estimate as stated is sufficient for our purposes: in fact, only the last term on 
the left-hand side will actually be used. Note that this estimate does not require 
spherical symmetry; however, as the estimate is localized to the spatial origin, it is 
not particularly effective in the general (translation-invariant) setting in which the 
assumption of spherical symmetry is dropped. 

Proof. By standard limiting arguments we may assume that / is a compact interval, 
and (j) is smooth in time and Schwartz in space. We introduce the spatial weight 




<e SUp||.^(0|Uj(Mn)||V</.(t)|U2(M„) 




a{x} := {x)-e{xy-^ 
and consider the Morawetz functional Ma : / — > M defined by 




Since Va = 0(1), we see from Cauchy-Schwartz that 

\Ma{t)\ < l|0(i)||L^(R")||V<^(t)|U2(R„) 

and hence, by the Fundamental Theorem of Calculus, 




To establish the proposition it thus suffices to show that 




A direct calculation establishes that 



dtMa{t)^ {-AAa{x))\(j){t,x)\^dx + A ajk{x)Re{(j)j{t,x)(j)k{t,x))dx 
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Thus, it suffices to establish the estimates 
(-AAa(a;))|0(t,a;)p dx > 

ajkix)Re{4>j{t, x)(j)k(t, x)) dx > 

ya{x){F{(f>),cl>}p{t,x) dx > 



(7.2) 
(7.3) 
(7.4) 

(7.5) / \/a{x){G,(f>}p{t,x) dx 
To achieve this, we compute 



{xy+^ 

|0(t,a;)|2("+2)A 



{x) 



dx 



dx 



< 



\G{t,x)\\V(l){t,x)\ 



\G{t,x)\m,x)\ 
(x) 



dx. 





aj(x 


(7.6) 


ajk{x 


(7.7) 


Aa(x 


(7.8) 


-AAa{x 



(x) 


-e(l- 






5jk 




-£(!-£) 




(x) 






n 


\x? 


-e(l-e) 


n 


^Jx) 


(X)3 


{xY+-- ^ 



\3+£ ■ 



(n - l)(n - 3) e(l - e)(l + e){n - 1 - e)(n - 3 - e) 
Jxf 

6(?i-3) 2e(l-e)(l + £)(3 + e)(7i-3-£) 



+ 



{xf (a;)5+^ 
15 £(l-£)(l + e)(3 + e)(5 + e) 



{xY^ 



For £ sufficiently small we now see that 

-AAa(a;) 



{x) 



3+e ' 



which gives H7.2|l . 

To prove H7.3I) , it suffices (by splitting into real and imaginary parts) to estab- 
lish the pointwise estimate 

l„|2 



ajk{x)vjVk 



> 



{x) 



1+e 



for any x =^ and any real vector v G M". We expand the left-hand side using (|7.(j|l 



as 



\v\'{(xr'-eil-e){x)-'-^) 



'\xf{{x)-'-e{l-e){l + e){x)-'-^). 



Since I jfy • ''^l ranges between and it thus suffices to show that 



-£(l-£)(x)-l-" > {xy^~ 



and 



{x}-'^s{l-e)(xy 



-l-E 



\x\^{x)'^ + e{l-e){l + e)\x\^{xy 



-3-e > 



The first claim is clear when e is sufficiently small. To see the second, we use the 
estimates 

{x)-'-\x\'{x)-'^{x)-' 
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and 

-£(1 - e)(l + e){x)-^-' + e(l - e)(l + = Oie{x)-^-') 

to rewrite the left-hand side as 

{x)-^ + £2(1 - e){x)-^-' + 0{e{x)-^'') 

and the claim is now clear. 

Next, we establish ()7.4|l . Observe the identity 

Integrating by parts, the left-hand side of 17.41) becomes 



n + 2 



Aa(x)|<?!>|2("+2)/n 



But from H7.7|l we see that Aa{x) >e (a;) ^ ^, and the claim follows. 
Finally, we establish (|7.5|l . Observe that 

{G, (j)}p = 2Re(GV0) " VRe((/)G). 

Integrating by parts and using the crude bounds Va — 0(1), V^a — 0(l/(x)) we 
obtain the claim. □ 

Proof of Proposition 15.31 

By applying P\o := P<i to Hl.ll) . we see that </) := u\o will solve (|7.1() with G 
equal to the nonlinear commutator 

(7.9) G P,oF{u) - F{P,,u). 

Applying the hypotheses H5.3|l . (|5.4(l . and Bernstein, we conclude from Proposi- 
tion that 

\Vuio{t,x)\^ 



H-e 



dxdt<„,.6+ I / |Gft,x)|f|Vuioft,x)| 1 dxdt. 



By the uncertainty principle fLemma lA.4|) . the left-hand side controls Qj. Thus, 
to conclude the proof of Proposition [^| (and hence Proposition it will suffice 
to establish the bound 



Ulo(t,x)\ 



I / \G{t,x)\(\WuUt,x)\+^-^ 



dxdt <„, 5^ 



for 5 sufficiently small depending on m and e, since we may then take 5 small 
compared to rj. 

By Holder and H6.3|l . we estimate 



\G{t,x)\\Vuio{t,x)\ dxdt< ||G|| 2 2„/(„+2), „J|Vwio|| 



< IIGII 



Il?l1"/<"+^)(/xR")' 

while in dimensions n > 4 by Holder and H6.4|l . we estimate 



\G{t,X)\ dxdt < ||G|L2r2r./(« + 2). 



(x) - "^llL?Lr'^"-^'(/xR") 



< ||G||^2i2„/(„ + 2)(^^j 
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Thus, in dimensions n > 4 we reduce to showing that 

We spht the commutator H7.9|l as 

G - Pio[F{u) - F(uio)] - Phi(i^(^^io)) 

= PioOdiihilkiol"/" + |"hir+'/") - A-iy • Phi(VF(uio)) 

= PloO(|uhi||uio|^/") + PloO(|uhi|'+'/") + ■ PhiO(|^ilo|'/"|V7.1o|). 

As the multipHers Pio and A^^ V • Phi are bounded on lI"/^"+^^(R"), we reduce to 
showing that 

ll|Whi||wio|''/"||^2i2„/(„ + 2)(^^^„^ + lll"hi||Whi|''/"|li2i2„/(„ + 2)(^^^„^ 

+ |||VUlo||uio|'*/"||^2i2„/(„ + 2)(^^jj,„-| <™ 5". 

By (|5.3|l . CoroUarv 12.61 and Proposition 16. 21 we estimate 

|||whi||uio|''/"||^2i2„/(„+2)^^^jj„j < ||Mlo|licI?i2(/xR")l|Whi||5(/xR") <m (5 + (J^^^" <m 
|||uhi||uhi|'*/"|li2i2„/(„+2)(^^jj„^ < ||whi|licI^i2(/xE")l|whi|U(/xR") <m 5 + S^''^ 5^ 

Hence, it remains to prove 

(7.10) ll|Vwioll"lo|'/"lli2i-/(" + ^)(,xR") ^ra 5' ■ 

From (|5.5|) and (|5.fci|) . we have 

|||xr(l+^)/^V^lo||L2^(7xR")<'?'/'<l 

and thus, by radial Sobolcv embedding fCoroUarv lA.3p . 

|||V|-5(^VuioL2i,(^xR") < |||a;r(i+^)/'Vuio||i2^(/xR") < 1 
where q := 2[n — 1) / [n — 2 ~ e). Applying Bernstein we conclude that 

As q < 2n/(n — 2), by Holder we get 

|||VUlo||wio|'^/"||^2i2„/(„ + 2)^^^jj„j < ll"lo||^(riP(^xR") 

for some p > 2. But from (|5.3|) . H5.4|) . Sobolev embedding, and Bernstein, we have 

II^1o||l~LP(7xR") 

for some c > 0, and so the contribution of this term is acceptable. 

To complete the proof of Proposition 13 . 41 it remains to show that in dimensions 
n = 3, 4 we have 

J I Jr^ {x) 
or equivalently (see the decomposition of G), 

||(x)-Vio|PioO(|uhi||iiio|"/")l!Lj^ + ||(a;)-Vio|PioO(|uhi||uhi|"/")||Lj^ 

(7.11) +||(a;)-i|uio|A-iV • PiuO{\u,X^"\Vu,,\)Li^ <„ <5^ 
where all spacetime norms are on / x R". 
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To estimate the first term on the left-hand side of H7.11|l . we use Holder, Defini- 
tion H6.5|l . Proposition 16. 21 and the fact that |V| ^-P>i/ioo is bounded on S 
and Pio is bounded on L'^{\x\ ): 

<<54/"iiivr^wMii5 

<(5''/"((5 + (5'*/"). 

Similarly, using 1)6.111 instead of Proposition 16.21 and the fact that A~^V • Phi is 

_ ti(1 + b) + 8 ... 

bounded on "+■* ), we estimate the third term on the left-hand side of 

(|7.11|l as follows: 

||(x}-i|uio|A-iV • PMO{\ui,\^/"\Vui,\)Li^ 

<6^/"\\\S/\-^Vuio\\s 

To estimate the second term on the left-hand side on H7.11|l . we use Holder, Corol- 
laryEl(or Hardy's inequality), Bernstein, (ES, and the fact that (^, ^^^^) 
is a Schrodinger admissible pair in dimensions n = 3, 4, as well as the fact that Pjo 
is bounded on L^^""*"^^^" to get 

\\{x)-'\u,,\nM\ui.i\\u^i\'/n\\LU 

<||Vuio||L,~L.|khi|li"+'^/" 
< 6{d + 54/«^(n+4)/n^ 

Putting everything together, we derive 1)7.11)1 . The proof of Proposition 13.41 is 
now complete. 



7.1. Proof of Proposition l375l With Proposition 13.41 and all the above tools it 
is now an easy matter to establish Proposition 13. 51 Let u be as in Proposition 13. 51 
and let 77 > be an arbitrary small quantity. From mass conservation we have 
()5.3)) for some m. From Proposition l5.3l and a continuity argument we know that if 
()5.4)l holds for some sufficiently small S (depending on 77), then ()5.5)l holds; applying 
Propositions 16 . II and 16 . 21 we then conclude the estimates 

\\p>iu\\sii.M'^)<is+s'/n 

One can now rescale these statements using ()1.3ll , replacing the role of the frequency 
1 by any other frequency TV (replacing V with V/iV). Applying Lemma l5.1l to make 
i5 and rj arbitrarily small as TV ^ 00 we then obtain Proposition 13. 51 
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8. Proof of mass non-evacuation 

We now prove ProDOsition l3.6l Assume for contradiction that we have a solution 
u : I X M" C obeying the hypotheses of that proposition, but such that 

(8.1) MN{t) = 0. 

Informally, H8.1|l means that we have an unbounded cascade of mass from high 
frequencies to low frequencies. It turns out that this cascade, combined with per- 
turbation theory and the Morawetz estimate, allows us to improve the qualitative 
decay in Proposition 13 . 51 substantiallv: 

Proposition 8.1 (Cascade implies regularity). Let the hypotheses be as above. 
Then 

(8.2) limsup7V(3-^)/2||it>A,||5 < oo. 

Here and in the rest of this section, all spacetime norms are understood to be on 
the domain / x K". 

Proof. From (|1.2(l and Proposition 13.51 we know that there exists < m < -|-c» 
such that 

(8.3) hhrLl < m. 

Now let ?7 be a small number to be chosen later. Then, by Proposition 13.51 there 
exists A^* > such that 

Applying the scaling (|1.3|l (which does not affect qualitative hypotheses such as 
(|3.1(l or (|8.1(l . the mass bound H8.3|l . or the qualitative conclusion 1)8.2(1 '). we may 
take A^* = 1; thus 

(8.4) \\M-^'-'^^^yu^i\\s<v 

(8.5) \\u>i\\s<V- 
For any 5 > 0, let P{S) denote the assertion that 

\\u>n\\s < r?A^"(^"^'/2 -I- S, for all A > 1. 

By H8.5|l . we see that P{d) is true for S equal to rj. We now claim that if rj is 
sufficiently small, then we have the bootstrap implication 

(8.6) P{d) =^ PiS/2), for all < (5 < 7?. 
Iterating this to send 5 to zero, we conclude that 

\\u>n\\s ^VN''-^'^^^^, foraUA^>l 

and the claim follows. 

It remains to prove ((8.6(1 . Let < (5 < ry be such that P{6) holds. Let Aq > 1 
be a dyadic integer such that rjN^ ^''^^ ~ S; then, 

(8.7) \\u>n\\s <riN-'-^-^^/^ for aU 1 < A^ < A^o 
and 

(8.8) ll">^oll5<'^. 
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Now let iV > 1 be arbitrary. Applying P> n to Hl.l|l we have 

(idt + A)u>N = P>nF{u) 
and hence, by Proposition we estimate 

ll'">iv||5 < ll">Jv(io)||L2(K„) + \\P>nF{u)\\^ 
for any tQ e /. From 1)8. 1|) and Definition 13 . 21 we see that 

inf ||u>Ar(to)||i2(Rr.) = 0. 

Thus, 

\W>n\\s < \\P>nF{u)U. 

We split 

F{u)^Fiu<No)+0{\u>N,\\u^i\^/''') + 0{\u>No\\u>i\''^n 

and write 

F{u<No) = A^'V • VF(u<^J = A^iy ■ 0(|u<^j4/"|Vw<jVol). 
We conclude 

(8.9) \\u>n\\s < |lA-lV-P>ArO(|?/<ArJ*/"|Vu<^Vol)lk 

(8.10) +||P>wO(|^i>JVol|w<i|'/")lk 

(8.11) +||i^>iv0(|ii>iv„lk>i|^/")|k. 

To estimate (I8.9|) . we discard the Hormander-Mikhhn multipher iV^^^'^^/^A^^ V • 
i'>Ar|V|-(i--)/2 and use the second estimate in Proposition [ 



IIA-ly • P>ArO(|«<ArJ*/"|Vw<wJ)|k 

<^-(3-s)/2|||^|(l-s)/2o(|^^^j4/„|^^^^j)||_^ 

<^^-(3-)/^|||V|l(l-).<^.Jll/.\.|||Vp-)(^-^^)V«<^.J|5. 
From (|8.4|) . H8.7|) . and Bernstein, we see that 

l<M<JVo 

l<M<No 



Similarly, 



l<M<No 

l<M<Aro 

We thus conclude 
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To estimate (I8.10|l . we discard the Hormander-Mikhlin multiplier 7Vt^P>7v|V| 
and use the first estimate in Proposition 12. 81 

||P>ivO(|^^>Aro||u<i|4/")|k<7V-(l-^)/2|||Vp-^)/20(|u>ArJ|7.<i|4/")||^ 

<A^-(i-)/2|||V|?(i-)z.<i||i/.\.|||Vr(i-)/^z.>^Jl5. 

l-e 

From the boundedness of the Hormander-Mikhlin multiplier Nq ^ P>jVo|V| 2~ on 
S, and (|8.8|l . we get 

while from H8.4|l and Bernstein, we get 

Putting all these together we obtain 

Finally, to estimate (|8.11|l . we discard the Hormander-Mikhlin multiplier P>n 
and use Corollary followed by (|8.5|l and (|8.8|l : 

\\P>NOi\u>No\\u>inW < l|0(|u>JVolk>l|'/")|k 

< \\u>if/2L2\\u>N„\\s 

Combining all these estimates we conclude that 

for all > 1, which (for rj small) implies P{6/2) as desired. 

This concludes the proof of Proposition 18. II □ 

We can now combine the regularity given by (|8.2|l with the high-to-low frequency 
cascade (|8.1|) to contradict energy conservation. From Proposition 18. II we have 

for all sufficiently large N. Of course, from mass conservation we also have 

\\Pnu\\l'i°li <u 1 

for all N. So, in particular, u G L^H^ and 

\\Pn^u\\1^i^. <u min(iV2^iV-i+^). 

Now, from (|8.1|l we can find a sequence ti G I with N{ti) 0. Then, by Defini- 
tion |^| we see that 

lim \\PNVuiU)\\l^^2 =0 

i — *oo * ^ 

for all N. On the other hand, wc have just established that 

\\PNyu{U)\\l^L2 <u mmiN^,N-^+'). 

Observe that min(A^^, Af~^+^) is absolutely summable as N ranges over dyadic 
frequencies. Thus, by the dominated convergence theorem we have 

lim V||PjvVu(t,)lli~i. -0 



I — >-oo 

N 
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and hence by orthogonality, 

Urn \\Vu{U)\\l^l^ =0 

I — >oo 

From mass conservation and the Gaghardo-Nirenberg inequahty, we then get 

hm \\u{U)\\ 2(^+2)/^ = 



and hence, 



hm E{u{ti)) = 



where E is the energy 

Jr" 2 2(?i + 2) 

But solutions to conserve the energy (see e.g. [7]), and hence E{u{t)) = 
for all t € I. In other words, u is identically zero, contradicting the hypotheses of 
Proposition 13. 61 This shows that (|8.1|l cannot occur and Proposition 13.61 follows . 

Appendix A. Weighted Sobolev estimates 

In this appendix we collect some estimates of Sobolev type which will allow us to 
manipulate power weights such as |a;|*" or (x)*" relatively easily. We begin with 
a bilinear form estimate. 

Lemma A.l (Bilinear form estimate). Let n>l,l<p,q<oobe such that 
^ + ^ > I, and let f G Lp(]R") and g € L'J(M"). Let a,^ G R obey the scaling 
condition 

n n 
a + l3 = ----. 

p q 

• Lfa>-^ (thus P <-f), then 

|a;ri2;|'^|/(2:)||5(2/)| dxdy <a,f3,p,q ||/||lp(R") ||g||Li(R"). 

\^\<\y\ 

Lfa<-f (thus P> - f), then 

\x\"\yf\f{x)\\g{y)\ dxdy <a,fs.,p.,q ||/||lp(R") llffllLi(R"). 

\y\<\^\ 

Here p', q' are the dual exponents to p, q, that is, p + 
Proof. From Holder's inequality, we see that 

\xr\yff{x)giy) dxdy 

<c.,p.,p.q (2™i?)"i?'3(2"i?)«/f'i?"/^'||/|U.(|,|^2"fl,)ll3llL.(|,Hi?) 

for any i? > and m G Z. The scaling condition ensures that the powers of 
R cancel. Summing over dyadic R and using Holder (taking advantage of the 
hypothesis ^ + ^ > 1), we conclude that 

\xnyff{x)g{y) dxdy <^,0,p,, 2™("+"/f')|l/|U.(R„)||.g|U,(K„). 

kl~2'"|!/l 

Summing over either negative or positive m then yields the claim. □ 
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Now, we insert a fractional integral weight |^_^|„_, and assume spherical sym- 
metry. 

Lemma A. 2 (Hardy-Littlewood-Sobolev estimate). Let I < p,q < oo, n > 1, 

< s < n, and a, /9 G R obey the conditions 

n 

a > 

P' 

/3> -- 

1 1 

l<-+-<l+s 

V q 

and the scaling condition 

n n 

a + p — n + s = -, 

p q 

with at most one of the equalities 

p = l,p =^ oo,q = l,q = oo, - + - = I + s 

p q 

holding. Let f G LP(M") and g G i''(M") be spherically symmetric. Then 

\x\"\y\'^ 

7—r^\.f{x)\\g{y)\ dxdy <a,f3,p,q ||/||lp(R") ||g||L<j(R")- 

F y\ 

Proof. From Lemma lA.ll we can already dispose of the portion of the integral where 
\x\ < \y\/2 or \y\ < \x\/2, since in those cases one can replace |^„J"|„-a by j^jjk^ or 
^ ^^li-s , respectively. Thus, it suffices to show that 



\xMy\ \x-yr " 



l/(a;)||.9(y)| dxdy <a.jj,p,q ||/||lp(R") IIsIIl^CR")- 



Since ^ + ^ > 1, we see that it will suffice to show that 

/ / I i:;:Z7\fi^)\\9{y)\ dxdy <a./3,p,q\\f\\LP{\x\r^R)\\g\\L^{\y\^R) 

J|k|~_R, F ~ y\ 

for all i? > 0, since one can then sum over dyadic R and use Holder. The scaling 
condition allows us to normalize R = 1; thus, we reduce to showing 

/ / I ^-|;rr7l/(a;)||5(y)N2;rfy S,? ll/IU''(|x|~i)ll5lUo(|y|~i)- 

J\y\~i J\x\~i F ~ y\ 

Suppose first that s < 1. Then by switching to polar co-ordinates f{x) = i^(|a;|), 
g{y) = G{\y\) we reduce to the one-dimensional estimate 

/ / 1 rT-\F{x)\\G{y)\ dxdy <j,,, Wfh 

j\x\~i F ~ y\ 

which follows from the classical Hardy-Littlewood-Sobolev inequality. If instead 
s > 1, then we (at worst) reduce to 

/ (log I ^ i )\F{x)\\G{y)\ dxdy<p^g II/IIlp(|x|~i) llglli^dai-i) 

iai~ij|x|~i F ~ yi 

which follows from Young's inequality □ 
By using duality we now obtain 
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Corollary A. 3 (Radial Sobolev inequality). Let n, a, (3,p, q, s be as in Lem,ma \A . M 

Then for any spherically symmetric u : M" —^ C, we have 

llkl''w|lL<!'(R") ^a.l3,p,q,s |||a;r"|V|^u||LP(R.). 
Proof. Write / :— |a;|~"|V|^u; we arc trying to show 

iiix|'^ivr^(ixr/)ii^,,(j,„) <a...p,p,,,s 

which by duality is equivalent to 

.g(a;)|a;|''|V|"'(|a;|"/) <a,/3,p,g,s ||/IIlp(R") ||ff||Li(R")- 
But this follows from Lemma FA. 21 □ 

Finally, we will need to switch between homogeneous power weights \x\~°' and 
inhomogeneous power weights (x)~°' . In one direction this is trivial since (x)^" <q. 
|a;|~" for a > 0. If the frequency of the function is localized to 0{N), one expects 
to be able to reverse this inequality up to a factor of (A)" due to the spatial 
uncertainty of 0(1/A). More precisely, we have 

Lemma A. 4 (Uncertainty principle). // / : M" ^ C, 1 < p < oo, < a < n/p, 
and A > 0, then 

\\\xr''P<Nf\\LHm-) l^o^.P (A)"||(x)'"/|Up(r„). 

Proof. We may assume that A > 1, since the case for smaller A follows from the 
A = 2 case by using the factorization P<7v — P<nP<2 and then discarding P<7v 
using Lemma 12.21 

On the other hand, for A > 1, the claim would follow immediately from 
(A.l) |||Aa-r"P<Ar/|Up(R„) < ||(Aa-)-"/|Up(R„), 

as {x)~°' can be estimated from below by (Aa;)^". 

It thus suffices to prove (|A.1(I : rescaling by A, we may normalize A = 1. If / is 
supported on the set {x : \x\ > 1}, then we estimate {x)~°' from below by 
and ljA.l|) follows from Lemma [2.21 since P<i is a Hormander-Mikhlin multiplier. 
So, we may reduce to the case when / is supported on the ball {x : \x\ < 1}. 
But then, a direct computation using the convolution kernel of P<i and Holder, 
establishes the pointwise estimate 

P<i/(x)=0((x)-i"°"||/|U.(R„)) 

and l|A.l(l follows. □ 
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